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ABSTRACT

Aim/Purpose This study aims to assess the effectiveness of a tessellation-based instructional
program supported by digital technologies for enhancing geometric learning in
primary school pupils.

Background Digital education offers various benefits, including increased motivation and
engagement, and has been shown to be effective in teaching geometry.
Although tessellation activities have been shown to effectively support
geometry learning at both secondary and primary school levels, in the current
literature, their implementation in digital environments has been explored
exclusively in secondary education.

Methodology A quasi-experimental research design was used, using 3D printers and
GeoGebra software with an experimental group and a control group, including
pre-tests and post-tests. The students were in Grade 4. The instructional
activities were designed according to recent recommendations in geometry
education, using real-life contexts, drawing, prediction and imagining shapes,
and technological tools.

Contribution This paper makes two contributions to the field of primary geometry education
and educational technology. First, it extends research on the effectiveness of
tessellation activities in digital environments for learning geometry from
secondary to primary school. Second, it provides new empirical evidence for the
effectiveness of digital teaching in enhancing geometric learning outcomes at
the primary level. Specifically, the study demonstrates how technological tools
like 3D printers and GeoGebra software can be used effectively in primary
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education, positively impacting geometry learning and promoting high levels of
student engagement.

The results indicated that the experimental group showed significant
improvements in post-test scores compared to the pre-test, while the control
group did not. This supports the hypothesis that a tessellation-based program,
implemented digitally, can enhance geometric learning in primary students.
Additionally, a questionnaire revealed high satisfaction with the activities,
particularly with the use of a 3D printer and GeoGebra software, suggesting
that these tools increased student engagement.

Primary school teachers should consider integrating digital tessellation activities
into their geometry curriculum. Exploiting digital technologies like GeoGebra
software can enhance students’ understanding of geometric concepts and
increase engagement; moreover, 3D printing can provide tangible outcomes,
reinforcing learning through hands-on experiences. Therefore, professional
development in these technologies may be necessary.

Researchers could aim to isolate the specific effects of educational technologies,
particularly 3D printers and GeoGebra software, on geometric learning out-
comes. A design with multiple experimental groups would be beneficial: one
with tessellation activities using technologies, one with tessellation activities
without technologies, one with different activities aimed at achieving the same
geometric learning outcomes, and a control group engaged in activities targeting
different geometric learning outcomes.

The findings of this study could have broad implications for primary education
and educational technology. They suggest a potential shift in how geometry is
taught at the primary level, emphasizing the integration of digital tools and
manipulative approaches like tessellation. If teacher training organizations begin
to incorporate this program into their curriculum, many educators might adopt
it, potentially fostering a better understanding of a fundamental subject like
geometry and improving digital literacy in future generations.

While digital tessellation activities have been explored in secondary schools,
their integration into primary education remains under-researched, highlighting
the need for more studies examining their potential to enhance younger stu-
dents’ geometric understanding through digital tools. Additionally, longitudinal
studies could explore the long-term impact of digital tessellation activities on
students’ geometric understanding and spatial skills. Future research could also
investigate the transferability of skills acquired through these activities to other
areas of mathematics. Comparative studies across different age groups and edu-
cational levels could provide insights into the optimal timing for introducing
such interventions. Finally, exploring the potential of augmented or virtual real-
ity in tessellation-based geometry learning could open new avenues for research
in educational technology and mathematics education.

digital teaching, tessellation, primary school, educational technology, quasi-
experimental design
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INTRODUCTION

This article presents a study analyzing the use of digital technologies in geometry teaching, specifi-
cally evaluating the effectiveness of a tessellation-based intervention conducted in a digital environ-
ment in enhancing primary school students’ geometric learning and engagement. A tessellation-based
intervention refers to an instructional approach in which students engage in tessellation activities.
Tessellation is the process of forming a pattern of shapes that fit together perfectly without any gaps
or overlaps.

This article is structured as follows. First, it presents classical and recent theoretical frameworks on
geometry learning, suggesting several teaching practices. Next, the article discusses the role of
visuospatial skills in learning geometry, which several researchers consider crucial.

With these theoretical foundations established, the article then reviews existing literature on the use
of tessellation in teaching geometry, noting that it is considered a human activity that both involves
and enhances geometric knowledge and skills (Faiziyah et al., 2021). Research highlights its benefits
in both primary education (Kili¢ et al., 2007; Uribe Garzén et al., 2014) and secondary education
(Ling & Loh, 2021). Nonetheless, while in secondary schools, tessellation-based activities have been
explored in digital environments (Laksmiwati et al., 2023; Morales Ramirez et al., 2021), no studies
have been identified that integrate digital teaching methods with tessellation activities for primary
school students. This study aims to fill this gap. It tests the hypothesis that a tessellation-based
instructional program incorporating digital tools, such as GeoGebra and a 3D printer, can improve
geometry learning outcomes while enhancing student motivation and engagement.

The article proceeds to outline the research design used to test this hypothesis, including details on
the participants (two 4th-grade classes serving as experimental and control groups), the operational
definition and measurement of variables, and the data analysis conducted. Results are presented in
terms of the implementation of the instructional program and the differences in pre-test and post-
test scores between the two groups, which measure learning outcomes. Additionally, the article dis-
cusses the findings of a final questionnaire administered to the experimental group to assess whether
the use of 3D printing and GeoGebra software enhanced student engagement and appreciation.

Finally, the results are discussed in light of the theoretical background, recent literature on geometry
education (Jablonski & Ludwig, 2023), and existing empirical studies on the use of tessellation in
schools. The article concludes with a summary of the study’s findings, identifying its contribution to
advancing the understanding of tessellation as a tool in digital education, and emphasizing its poten-
tial to enrich teaching practices in several significant ways. The study demonstrates how educators
can foster a deeper understanding of geometric concepts while increasing student motivation and en-
gagement by integrating digital technologies such as GeoGebra and 3D printing with traditional ge-
ometry instruction.

These findings encourage teachers to adopt innovative approaches that combine hands-on,
manipulative activities with interactive digital tools, striking a balance between tactile and
technological learning experiences. Moreover, the study’s insights have broader implications for
teacher training programs, which could integrate tessellation-based methodologies into their curricula
to better prepare educators for 21st-century classrooms. Such an approach enhances geometry
instruction and promotes digital literacy, equipping students with skills essential for navigating the
modern world.

THEORETICAL BACKGROUND

LEARNING GEOMETRY: KEY THEORETICAL FRAMEWORKS

A classic reference to the formation of geometric concepts is the work of Piaget and Inhelder (1948),
where they distinguish between perceptual space, which children experience through sensory-motor
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activity, and representational space, which is associated with the intellectual concept of space that
children develop through the introduction of language. The latter is constructed and regulated by
cognitive processes. Piaget identified three key periods in the development of the concept of space:
from birth to 4 months, children exhibit limited visual and motor coordination; from 4 to 12 months,
coordination improves, and they begin manipulating objects; and from 13 months to 2 years, active
exploration of the environment and language development occurs. During these first two years,
perception, sensory activity, motor skills, and representation are crucial as children acquire concepts
of proximity, order, inclusion, separation, continuity, and, later, Euclidean forms of space (Piaget &
Inhelder, 1948). By age 4, children start to represent topological relationships, while Euclidean and
projective spatial relations are understood between 8 and 9 years old. Piaget further identifies three
stages in the development of geometric thinking:

1. The first stage focuses on topological concepts, where spatial relationships are examined
without considering dimensions or shapes.

2. The second stage introduces the notion of perspective, with the acquisition of concepts like
straight lines and right angles.

3. The third stage involves the recognition of two-dimensional and three-dimensional space,
utilizing measurement, deductive reasoning, and Euclidean geometry concepts.

As Gioberti (2006) notes, Piaget emphasizes the importance of perceptual activity, motor skills, and
representation in the development of sensory-motor intelligence. These elements are fundamental to
a teaching approach that uses tessellation to enhance geometry learning. Tessellating the plane with
geometric shapes directly engages perception, as it requires an understanding of shapes and their
spatial relationships. It also necessitates the ability to compare, transpose, and anticipate shapes to fit
them appropriately. By actively engaging in tessellation, children exercise their perceptual skills,
improving their ability to perform transformations with geometric shapes and understand their
spatial relationships. This can be done by manipulating tangible shapes, performing tessellations on
paper, or engaging in digital environments. Active participation in tessellation exercises also
encourages children to mentally represent shapes and their relationships, enhancing their ability to
imagine and visualize geometric concepts. Finally, when tessellating, children must anticipate which
shape is needed to fill a space and solve the problem of how to do so effectively, which can also
stimulate their problem-solving skills.

An important theoretical reference for learning geometry is Fischbein’s (1993) work, which explores
the interaction between concepts and images. Concepts are ideal representations of objects or
phenomena, while images are sensory representations. In geometric reasoning, these two aspects
merge: geometric figures are concepts and visual images, possessing spatial and conceptual properties
simultaneously. Fischbein refers to these as “figural concepts,” which combine characteristics of both
concepts and figures. These reflect spatial properties such as shape, position, and size as well as
conceptual qualities like ideality, abstraction, generality, and perfection. According to Fischbein,
geometric thinking develops through the interaction between the visual aspect and formal
constraints, culminating in figural concepts. When conceptual and figurative aspects conflict, learning
and teaching geometry challenges can arise. Despite this distinction, it is crucial from an educational
perspective to harmonize both aspects. Using tessellation in a teaching approach to geometry allows
this, as students manipulate physical objects to study their useful properties and then create
tessellations that integrate both aspects: concept and image. Furthermore, students are required to
create geometric figures in digital environments by recalling conceptual knowledge learned eatlier to
design figures useful for tessellations.

Duval (1995) proposed the theory of figural apprehension, which focuses on how geometric figures
are perceived and understood through different cognitive processes. He argues that recognizing a
geometric figure requires applying specific rules to view it geometrically rather than relying on
automatic perceptual recognition. To comprehend a figure geometrically, learners must perceive its
different dimensions, such as recognizing the cube’s 3D structure, 2D faces, 1D sides, and 0D
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vertices. This process, called dimensional deconstruction, breaks the figure into its figural units across
various dimensions. Duval categorizes the cognitive processes involved in comprehending geometric
figures into four distinct types:

Perceptual: This involves interpreting visual information.

Sequential: The process of breaking down a figure according to its geometric attributes.
Discursive: Requiring supplementary data to elucidate unclear aspects.

Operative: Encompassing mental or physical transformations of the figure, such as rotation or
subdivision.

sl e

Each apprehension plays a unique role in how we perceive, analyze, and interact with geometric
shapes. Together, they form a comprehensive framework for understanding how individuals process
and work with geometric information. For a figure to function as a heuristic in problem-solving, it
must evoke both perceptual apprehension and at least one other type. Duval (1995) also highlights
the importance of distinguishing between a physical object and its geometric representation, empha-
sizing the role of sign systems in developing an understanding of geometric shapes.

Wessels and Van Niekerk (2000) developed the Spatial Operational Capacity (SOC), which
emphasizes the importance of providing learners with opportunities to interact with physical and
mental objects, fostering skills necessary for developing geometry concepts. The model identifies
four key categories of variables that contribute to the complexity of visual images: perception,
dimensionality, transformation, and mobility. Perception involves the type of visual stimulus, such as
real, virtual, or graphic images. Dimensionality refers to the aspects of objects that learners perceive
and process. Transformation focuses on the cognitive processes involved in changing the position or
structure of shapes. Mobility addresses whether the stimulus is static or dynamic. Sack and Vazquez
(2016) applied the SOC model in a seven-year study in elementary schools, concluding that
understanding geometry requires mastering three representational modes: full-scale models (real,
manipulable objects), conventional-graphic models (2D representations of 3D objects) and semiotic
models (abstract, symbolic representations).

Stard (2008) developed the commognition theory, which focuses on the role of language in cognitive
processes, particularly in the development of geometric concepts. According to Sfard, cognitive and
interpersonal communication processes are two aspects of the same phenomenon. To understand
how learners develop geometry concepts, it is crucial to study their communicative processes.
Effective communication requires meeting expectations based on intentions and avoiding breaches in
understanding between speakers and listeners. Sfard’s theory analyzes language in terms of discourse,
which operates within social and cultural contexts, particularly in mathematics classrooms. For
instance, Kaur (2015) used commognition theory to study how 7-8-year-old students developed their
understanding of triangles. The discourse followed a progression from visual recognition of objects
to informal properties and finally to formal definitions. Each stage involved different routines and
vocabulary. Overall, Sfard’s (2008) theory provides a framework for examining the role of language
in mathematical cognition, emphasizing that communication plays a central role in the development
of geometric understanding.

In this perspective, tessellation activities require students to perform both manipulative and abstract
operations with physical and mental objects, as suggested by the SOC model of Wessels and Van
Niekerk (2000). To promote communication as a tool for developing mathematical concepts (Sfard,
2008), teacher-led discussions and clear linguistic representations of the shapes and objects being ma-
nipulated are then required. In this sense, a teaching approach focused on tessellation in primary
school allows students to use geometric figures heuristically to solve problems, triggering both per-
ceptual and operational apprehension (Duval, 1995).
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THE ROLE OF VISUAL-SPATIAL SKILLS IN GEOMETRY LEARNING

Visual-spatial skills play a crucial role in various learning contexts and occupations, particularly in
STEM fields (Flores et al., 2021), such as geometry (Miragliotta et al., 2017). These skills encompass a
range of cognitive abilities related to processing and manipulating visual and spatial information, such
as spatial perception, visualization, mental rotation, and orientation (Sorby, 1999).

The development of visual-spatial skills occurs gradually during childhood and adolescence. Younger
children have a limited understanding of space and spatial relationships between objects, but these
abilities develop and improve with age and experience (Vecchi & Cornoldi, 1998). A child’s spatial
exploration begins with a focus on their own body. After acquiring fundamental motor skills, they
use their body as a tool to understand their surrounding environment. They then develop the ability
to form internal representations based on spatial data essential for orientation. During this process,
they rely on specific reference systems, such as the egocentric system, centered on the first-person
perspective, and the allocentric system centered on an external object of reference (Zanatta et al.,

2020).

Defining visual-spatial skills solely in terms of spatial orientation or position estimation is limiting.
Some theories have attempted to further classify these skills, but it is evident that spatial ability is not
a singular concept; it can be subdivided into various components. McGee (1979) distinguishes
between visualization, which involves the ability to manipulate and rotate objects, and orientation,
which refers to the capacity to maintain spatial orientation in relation to one’s body. Linn and
Petersen (1985) differentiate:

o Spatial perception: the ability to define spatial relationships based on body orientation.

o Mental rotation: the ability to rotate two-dimensional and three-dimensional objects.

o Spatial visnalization: the ability to manipulate spatial information presented in an unconven-
tional format.

More recently, Kimura (2000) identified six key spatial parameters widely recognized in experimental
measurements: spatial orientation, spatial location memory, targeting, spatial visualization, dis-
embedding, and spatial perception. According to Tiwari et al. (2024), spatial ability is a multifaceted
construct that encompasses several subconstructs, with consensus forming around three primary
ones: mental rotation (MR), spatial visualization (SV), and spatial perception (SP) (Cho & Suh, 2022;
Linn & Petersen, 1985). Cho and Suh (2022) focused on mental rotation (MR) and spatial
visualization (SV), omitting spatial perception due to its reliance on body movement, which makes it
harder to measure. They defined mental rotation as the ability to mentally rotate 3D objects and
visualize them quickly. Spatial visualization was broken down into three subtypes, validated through
extensive research from 2012 to 2021:

e SV LA (2D-3D) — the ability to convert 2D information into 3D and find the correct
viewpoint in relation to the observer’s body.

e SV I (2D to 3D) — the ability to interpret 2D drawings (e.g., floor plans) and mentally
expand them into 3D forms, exploring various possibilities.

e SV II (3D to 2D) — the ability to compress 3D information into 2D and identify the correct
viewpoint by translating volumetric data.

The development of visual-spatial skills is an interconnected process that does not occur in isolation;
it is closely linked to other dimensions, such as perception, motor skills, cognition, and emotional-
affective aspects. This interconnection contributes to a dynamic balance essential for a child’s proper
development. Any imbalance between these dimensions can lead to alterations in the perception and
recognition of environmental stimuli, increasing the risk of neurodevelopmental disorders (Zanatta et
al.,, 2020).
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Several studies highlight the role of visual-spatial skills in geometry learning; for example, Miragliotta
et al. (2017) identify seven specific visual-spatial skills and correlate them with corresponding geo-
metric abilities:

Visual organization: Recognizing figural concepts from incomplete representations

Visual scanning: 1dentifying figure properties from representations

Visual reconstructive ability: Reconstructing figural concepts from various inputs

Image generation ability: Mentally reproducing figural components

Image manipulation ability: Using and manipulating figural concept properties

Sequential spatial short-term memory: Remembering different configurations during manipulation
7. Long-term spatial memory: Retaining figural components over time

SRR ANl

A study by Fastame (2021) explored the connections between visual-spatial skills and geometry
performance in school-age students. The results indicated that students with strong visual-spatial
imagination outperformed their peers with lower skills in geometry tasks. Similarly, Lucangeli and
Mammarella (2010) highlight that recognizing geometric shapes involves both perception and
recalling specific properties from memory.

The ability to manipulate images is also crucial in learning geometry. Research shows that preschool
children struggle to recognize congruent figures when they are rotated in space. Until around age six,
children can recognize and reproduce figures but have difficulty rotating and transforming mental
images (Rosser, 1994). Developmental studies emphasize the importance of actively stimulating chil-
dren to create and modify mental representations. A metacognitive approach to spatial instruction
has been shown to enhance map reading and comprehension skills in children aged four to six (Lu-
cangeli & Mammarella, 2010).

In conclusion, an instructional intervention aimed at acquiring geometric learning in primary school
should also focus on developing visual-spatial skills through the manipulation of geometric figures.
For example, Miragliotta et al. (2017) suggested enhancing visual-spatial skills through educational
interventions using Dynamic Geometry Environments (DGE) and specific geometry software. Their
experimental study demonstrated that students improved their ability to identify and classify
quadrilaterals based on properties, gained a better conceptual understanding of geometric figures,
expanded their knowledge, and improved their construction skills.

LEARNING GEOMETRY WITH DIGITAL TEACHING

The study by Miragliotta et al. (2017) includes the use of specific geometry software to promote the

development of visual-spatial skills and geometric learning. Recently, a systematic review (Sunzuma,

2023) reported that technologies such as GeoGebra and augmented reality have proven effective for
teaching and learning geometry.

Digital teaching refers to the integration of digital technology into education to enhance learning ex-
periences and outcomes, fostering skills necessary for digital citizenship and the global economy
(Sadiku et al., 2017). Among its benefits are increased accessibility, interactivity, and adaptability in
learning (Gu, 2024). Research consistently highlights how digital tools improve student motivation
and engagement. For instance, Godzicki et al. (2013) found that technology-supported learning envi-
ronments positively influence these dimensions in younger students, a finding further supported by
Salazar et al. (2019). More recently, Girdzijauskiené et al. (2022) confirmed these benefits in primary
education, while tools like 3D printers and design software have been shown to enhance both en-
gagement and learning in various contexts (Kwon, 2017; McGahern et al., 2015; Nikou, 2024).

Regarding its role in teaching geometry, research indicates that digital teaching can be effective in
geometry education across various levels. At the eatly childhood level, educators have successfully
integrated digital technologies to engage preschoolers in exploratory geometric learning, though
challenges exist (Zhao & Roberts, 2024). In secondary schools, technologies like GeoGebra and
augmented reality have shown effectiveness in geometry teaching and learning (Sunzuma, 2023).
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Higher education studies demonstrate that digital pedagogy enhances APOS-based learning
achievements in advanced geometry courses (Dhakal, 2018). A meta-analysis of studies in Turkey
revealed that technology-assisted teaching has a medium effect size on mathematics achievement
(0.758) and a very large effect size on geometry achievement (1.136) compared to traditional methods
(Cavus & Deniz, 2022). These findings suggest that digital teaching methods can significantly
improve geometry learning outcomes across educational levels, though implementation may vary
based on specific contexts and technologies used.

THE ROLE OF DYNAMIC GEOMETRY SOFTWARE

Franco (2022) highlights the importance of using Dynamic Geometry Software (DGS), which allows
for the interactive creation and manipulation of geometric figures. DGSs are specialized computer
applications designed to dynamically construct and manage geometric situations. Using specific
commands within these software programs — such as point, line, parallel lines, circle, polygon, etc. —
users can generate geometric figures that can be easily modified and transformed, thereby facilitating
the analysis of properties that remain constant or change during manipulation (Mammana, 2017).
Additionally, DGS enables the execution of geometric operations like translations, symmetries, and
rotations. The use of computers allows users to achieve an intermediate level of concretization or
abstraction between relatively static drawings on paper and the physical manipulation of concrete
models (Weigand & Weth, 2002). DGS enhances geometry teaching by offering the ability to
construct complex mathematical structures. Their primary advantage over traditional methods lies in
their dynamic nature (Dilling & Vogler, 2021).

DGS emerged in the late 1980s, with the first program, Cabri, developed in France by Jean-Marie
Laborde and Frank Bellemain, released in 1988 at the International Congress on Mathematical
Education ICME) in Budapest. As the internet spread, numerous similar software programs were
developed and gradually adopted in schools, initially in universities and high schools and later in
elementary education (Berengo & Terenghi, 2012). The success of these tools in educational
institutions is due to their ease of use, the ability to construct and explore Euclidean geometric
figures, and the capability to create animations that are difficult to achieve with traditional methods.
Using DGS not only enhances geometric understanding but also develops computer skills. Some 3D

geometry software allows users to visualize and rotate solid models from different angles (Franco,
2022).

According to Di Paola et al. (2007), DGS encourages hypothesis formation by observing changes
resulting from modifications in geometric constructions, fostering a scientific approach to problem-
solving. Mammana (2017) notes that teaching with DGS, especially in a lab setting, promotes
cooperative learning and the exchange of ideas. Additionally, DGS environments are effective for
inclusive education, offering sensory channels that are often more accessible for students with
learning difficulties.

Among paid DGS programs, Cabri Geometry, Cinderella, Derive, and the Geometer’s Sketchpad
stand out. For free options, DrGeo, Gnuplot, and GeoGebra are notable, with GeoGebra being a
particularly innovative and widely recognized tool. Created in 2002 by Austrian student Markus
Hohenwarter, GeoGebra combines geometry, algebra, graphing, statistics, and calculus into one
platform. It is free, open-source, and available under the GNU GPL license, allowing free
distribution and use. GeoGebra’s widespread success is evident as it has been translated into many
languages (Yohannes & Chen, 2023).

TESSELLATION AS A TOOL FOR LEARNING GEOMETRY

In recent years, various studies have explored the use of two-dimensional tessellation as a tool for
teaching and learning geometry. A two-dimensional tessellation is defined as “a division of the plane
or a subset of the plane into a collection of disjoint open sets whose closure covers the entire region
considered” (Phillips, 2014, p. 202).
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From an ethnomathematical perspective, tessellation can be seen as a human activity that involves
and promotes geometric knowledge and skills (Faiziyah et al., 2021). Ling and Loh (2021) used plane
tessellation with 16-year-old students to enhance cognitive pattern recognition, leading to an
improved understanding of geometric and mathematical concepts. In secondary education, Morales
Ramirez et al. (2021) studied the use of GeoGebra for tessellation activities with students aged 15-18,
concluding that GeoGebra plays an important role in promoting argumentative reasoning and
supporting discursive processes in geometric problem-solving. Similarly, Laksmiwati et al. (2023)
employed dynamic geometry software for teaching geometry through tessellation, finding that these
activities helped students grasp geometric concepts. However, their conclusions are drawn from a
study of only three secondary school students, limiting the generalizability of the findings.

In the context of primary education, Kili¢ et al. (2007) investigated van Hiele’s levels of geometric
thinking through tessellation, revealing a connection between mathematical outcomes and levels of
geometric reasoning. The study found that providing students with various types of tessellation tasks
enhanced their experiences with geometric shapes. This research involved nine fifth-grade students
and did not incorporate digital teaching methods.

The most comprehensive educational proposal found in the literature regarding the use of
tessellation in primary education is presented by Utribe Garzoén et al. (2014). Their study outlines a
five-unit curriculum on tessellation aimed at developing spatial thinking skills (such as visual-motor
coordination, figure-ground perception, and perceptual constancy) and building geometric
knowledge. The curriculum covers Euclidean concepts (lines, vertices, polygons), topological
concepts (region, interior, boundary), projective concepts, and plane isometries. It also includes
transformations like rotation, translation, and reflection, which are part of transformational
geometry. However, the study does not incorporate digital teaching methods, nor does it assess
student learning outcomes using an experimental or quasi-experimental design.

RESEARCH QUESTION

While previous research has demonstrated the effectiveness of tessellation activities for teaching
geometry at both primary and secondary school levels, their integration with digital tools has only
been explored at the secondary level. This study aims to address this gap by investigating whether the
use of GeoGebra and 3D printing in tessellation-based activities can enhance engagement and
improve geometry learning outcomes in primary school students. The instructional approach builds
upon key theoretical frameworks in geometry education. Specifically, Duval’s (1995) theory of figural
apprehension informs the study’s focus on how students perceive and manipulate geometric shapes.
Fischbein’s (1993) concept of figural reasoning supports the integration of digital tools that allow for
interactive exploration of geometric properties. The Spatial Operational Capacity (SOC) model
(Wessels & Van Niekerk, 2000) underscores the importance of engaging students with both physical
and mental manipulations of shapes, while Sfard’s (2008) commognition theory highlights the role of
discourse in the learning process. By combining these theoretical perspectives with digital tools, this
study examines whether a technology-supported approach to tessellation can foster a deeper
understanding of geometric concepts in primary education.

METHOD

RESEARCH DESIGN AND HYPOTHESES

To address this research question, a tessellation-based instructional program was designed for pri-
mary school students around the age of 9 in Grade 4. To test the hypothesis that this program could
positively impact geometry learning outcomes, a quasi-experimental design was employed, specifically
a pre-test/post-test design with a control group. Unlike fully experimental designs, this approach
does not involve random assignment of participants to groups (Christensen et al., 2011; Cook et al.,
1990). Instead, efforts were made to maximize equivalence between the experimental and control
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groups to strengthen the internal validity of the research design (Kaya, 2015). Two classes from the
same school were selected for the study, ensuring they shared the same socio-economic, cultural, and
educational context. The school employs a parallel class system, where students across classes of the
same grade receive instruction with comparable resources and strategies. Additionally, a pre-test was
conducted to confirm that both groups had equivalent geometry learning levels at the start of the
study.

The independent variable in this quantitative research design is the tessellation-based instructional
program, which was also conducted in a digital environment using GeoGebra software and a 3D
printer. The dependent variable is defined by a set of geometry learning outcomes, which are detailed
in the following sections.

The study also hypothesized that the integration of digital tools, particularly GeoGebra software and
a 3D printer, would enhance student engagement in the experimental group. A qualitative approach
was adopted to explore this. A questionnaire with four open-ended questions was administered to
the students in the experimental group during the final session of the program to capture their expe-
riences and perceptions. The questions were: (1) What do you think about these activities? (2) Which
part did you like the most? (3) Which part did you like the least? (4) Was there any activity in which
you had more difficulty? To test the hypothesis, responses to the questionnaire were analyzed for
trends.

This multi-method design, combining quantitative and qualitative measures, aimed to provide a com-
prehensive understanding of the instructional program’s impact on both geometry learning outcomes
and student engagement.

PARTICIPANTS

The instructional program was implemented in a fourth-grade class at the Galileo Galilei Primary
School, part of the Galluzzo School Institute in Florence. In the previous school year, one of the
authors of this article had been working as a teacher in this specific class at the school, and she co-
designed the educational intervention in collaboration with the class teachers. Therefore, the
experimental group in this study was selected because the teacher had a thorough understanding of
the group’s prerequisites, its relational dynamics, and the suitability of the environment for
implementing tessellation activities, considering the available tools, human resources, and materials.
The proposal to participate in the study was presented to the class teachers, who readily agreed.
Then, this intervention was implemented as a part of regular teaching activities, with tests
administered as standard assessment, according to teaching freedom, as stated by Article 33 of the
Italian Constitution and exercised within limits established by educational curriculum regulations
(Legislative Decree 297/1994; Ministerial Decree 294/2012), teaching autonomy (Presidential Dectee
275/1999; Law 107/2015), and privacy regulations (Legislative Decree 196/2003; General Data
Protection Regulation - EU Regulation 2016/679). However, given the research putpose of the
intervention, the study’s objectives and methods were also explained to the teachers of the control
group and to the students in both groups. Teachers and students were informed that they could
withdraw from the study at any time and that the data would be collected anonymously and
processed in aggregate form. Lastly, the project was presented to the school principal, who provided
written consent for the study to proceed.

The experimental group was composed of 17 students, including 9 girls and 8 boys. Among the stu-
dents, there was one with a specific learning disorder, diagnosed with dyslexia and dyscalculia. For
the control group, another fourth-grade class from the same primary school was selected. This group
consisted of 18 students, including 10 boys and 8 girls, with one student diagnosed with dyslexia and
another with physical and motor disabilities. Although extended time was considered for the students
with specific learning disabilities during the tests, it was not necessary for either the pre-test or the
post-test. The student with physical disabilities in the control group was fully capable of completing
the tests without any difficulty. Therefore, as recommended by research guidelines for students with
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disabilities or special educational needs (Bailey, 2008), the scores of all three students were included
in the calculation of the class averages.

INDEPENDENT VARIABLE: THE INSTRUCTIONAL INTERVENTION

In this research design, the independent variable is the instructional intervention. For the
experimental group, the intervention focuses on tessellation, including activities conducted in a digital
environment. In contrast, the control group follows the standard geometry curriculum, specifically
covering plane figures and angles.

The educational intervention in the experimental group was designed as a Competence Unit (CU). A
CU represents a unified work unit centered on a cohesive training path aimed at developing
competencies that can be evaluated, certified, and recognized even outside the acquisition context
(Capperucci et al., 2016). The intervention comprises nine sessions (21 hours in total), held twice a
week from February 14, 2024, to March 20, 2024.

The first two sessions focus on “plane tessellation: discovering shapes and geometric criteria that
allow tessellation.” The initial 2.5-hour lesson includes an initial test and activities on plane
tessellation using tangible wooden materials, as well as observing and studying the results. The
activities are organized into three phases. In the first phase, each student is given a blank sheet of
paper along with wooden tiles in various geometric shapes. Students begin by selecting one type of
tile and attempting to create a tessellation that fills the sheet. On a separate sheet, they note whether
the chosen shape can successfully tessellate the plane. In the second phase, students are encouraged
to experiment independently or in small groups with different arrangements of the tiles. For example,
they might place a square as if it were a diamond or flip trapezoids upside down compared to their
usual orientation. This exploration allows students to investigate the versatility and limitations of
different shapes in tessellation. The third phase involves a group discussion to review the results of
their experiments. The discussion emphasizes two key “rules” of tessellation: (1) shapes with at least
one curved edge cannot be used to tessellate, and (2) tiles suitable for tessellation must fit together
seamlessly without gaps or overlaps.

The second 2.5-hour session begins with a brief recap and then aims to facilitate the discovery of the
geometric criterion for tessellating a plane: “the sum of internal angles at the vertex is a full rotation.”
Throughout the activity, students are encouraged to explore and experiment independently or in
small groups, identifying which shapes can tessellate the plane and reflecting on the criteria and rules
applied.

The third, fourth, and fifth sessions focus on isometries, specifically studying and applying transfor-
mations to shapes to create tessellations.

In the first phase of the third session, students are tasked with creating flower-shaped compositions
using hexagons, trapezoids, thombuses, and equilateral triangles. By completing this activity, students
observe that the same flower can be made using different quantities of shapes, e.g., 7 hexagons, 14
isosceles trapezoids, 21 thombuses, or 42 equilateral triangles. This exercise illustrates how tessella-
tions can be modified using various shapes. In the second phase of the third session, students ex-
plore irregular shapes that can tessellate a plane. They also examine examples of tessellations found
in nature (e.g., reptile shells or scales, bee hives), architecture (e.g., mosaics, walls, and floors), and art,
including Escher’s works.

In the fourth session, lasting 2 hours and 30 minutes, a video presentation is used to deliver a
heuristic lesson on isometries. The concept of translation is introduced first, with examples and
characteristics explained in detail. Following this, the concepts of rotation, reflection, and symmetry
are presented in sequence. The session concludes with an exploration of combinations of isometries,
focusing on cases where a figure undergoes multiple transformations (e.g., symmetry and translation).
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The fifth session, lasting 2 hours, focuses on creating a tessellation using translation. To begin, stu-
dents are shown examples of tessellations on a monitor, after which they are given 5 mm grid paper.
They are instructed to draw an irregular tile and test whether it can tessellate the plane when trans-
lated in all directions (right, left, up, and down). If the tile successfully tessellates, they fill the entire
sheet with the pattern and color the tessellation using two alternating colors.

The sixth session is divided into two groups to provide closer guidance to each student. In the first
phase, students are introduced to the GeoGebra software, which is chosen for its simplicity,
intuitiveness, and versatility. GeoGebra integrates geometric, algebraic, graphical, statistical, and
spreadsheet functionalities in one platform. It is free, open-source (licensed under GNU GPL), and
available in multiple languages, including Italian. GeoGebra’s international recognition in education
further supports its inclusion in this activity. The session’s goal is for students to create a tessellation
in GeoGebra using translation exclusively, without incorporating rotations or symmetries. First,
students create two vectors: one horizontal (three grid spaces to the right) and one vertical (two grid
spaces down). They then draw a rectangle with a base of three grid spaces and a height of two grid
spaces. Using the “translate” function, the rectangle is tessellated along the vectors, forming a
pattern. Students can color each tile and use a checkbox tool to hide or display the tessellation. This
allows them to hypothesize the results of manipulating the original figure and then verify their
assumptions when reactivating the checkbox. Finally, each student modifies the initial rectangle using
the “move” function and the checkbox tool to create an irregular shape suitable for tessellation. The
completed shape is then exported in a 3D format, which will be utilized in future sessions.

The final three sessions focus on introducing and using the 3D printer to bring the students’
GeoGebra-designed shapes into tangible form. These 3D-printed shapes will be used to create
complex physical tessellations.

In the seventh session, lasting 2 hours and 30 minutes, students are introduced to 3D printing
technology and observe the printer in action. The session covers various aspects of 3D printing,
including its structure, functionality, types of available models, fields of application, common
filament materials, software for design, and the machine’s setup and adjustment. Students watch the
process of creating an object and witness the printing of a tessellation sample from their designs.
Due to the time required for printing, which can take several hours, the remaining student-designed
tessellations are printed in the days following this session in preparation for the final two sessions.

The eighth session, lasting 2 hours, is dedicated to examining the completed 3D-printed tessellations
and using them to recreate the original designs. All printed pieces are mixed and placed on a table,
and students are tasked with identifying their individual tiles and reconstructing the tessellation de-
signed in GeoGebra. This activity not only reinforces shape recognition and discrimination but also
requires the application of concepts learned throughout the course, such as rotation, translation, and
symmetry.

In the final ninth session (2 hours), there is a discussion on each student’s work, highlighting learn-
ings and conclusions. A final test on acquired knowledge and a satisfaction questionnaire is adminis-
tered.

DEPENDENT VARIABLE

The dependent variable in this study is a set of geometry learning outcomes defined operationally
through four specific instructional objectives (Mager, 1962):

o Classify plane geometric figures;

e Locate shapes in various positions on the plane;

e Reproduce rotated, translated, and reflected figures;
e Combine irregular shapes to create tessellations.
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The selection of these four objectives was guided by various recommendations from the literature.
For the first objective, from a theoretical perspective, Duval (1995) highlights the heuristic value of
geometric figures, and Sfard (2008) emphasizes the importance of accurate linguistic representation
of these figures. In empirical research, Deliyianni et al. (2010) stress the importance of teaching
primary school students to classify plane geometric figures, while Bennie and Smit (1999) argue that a
primaty school curriculum focused on classifying plane figures is essential for preparing students for
formal secondary school geometry. For the remaining objectives, the SOC model (Wessels & Van
Niekerk, 2000) theoretically recommends providing students with opportunities to interact with both
physical and mental objects. Empirically, for the second objective, Rolet (2003) highlights how the
ability to locate geometric shapes in different positions on a plane fosters a deeper understanding of
geometric objects and their relationships. For the third objective, Yilmaz (2015) stresses the
importance of teaching transformational geometry — rotations, translations, and reflections — to
develop students’ geometric reasoning and visualization skills. Regarding the fourth objective, the
tessellation studies analyzed (Kili¢ et al., 2007; Laksmiwati et al., 2023; Ling & Loh, 2021; Morales
Ramirez et al., 2021; Uribe Garzon et al., 2014) adopted similar objectives.

To measure the achievement of these four objectives, a specially designed test was administered to
both the experimental and control groups before and after the intervention. The test includes two
questions for each objective, totaling eight questions.

For the instructional objective “classify plane geometric figures,” students are required to classify
triangles based on sides (isosceles, equilateral, scalene) and angles (acute, obtuse, right) by marking
the correct name with an X. The first question allows students to earn between 0 and 8 points if all
answers are correct. The second question asks students to identify the correct geometric figure from
a set of options based on specific clues (e.g., has four sides, does not have all equal angles, has no
right angles, has two pairs of parallel sides) and to write the corresponding letter of the correct figure.
This question is scored either 0 or 1.

For the instructional objective “locate shapes in various positions on the plane,” the first question
requires students to observe several triangles in different positions and identify the two that are
identical in shape and size. A correct answer earns 1 point. The second question involves observing a
plane figure characterized by an equilateral triangle sharing a side with a square. Students must
recognize which other sides are congruent to the one indicated. This question allows for a maximum
score of 5 points.

To assess the third instructional objective (“reproduce rotated, translated, and reflected figures”),
students must draw the symmetry of an irregular figure in the first question and perform a 180°
rotation of a flag in the second. The first question is scored either 0 or 1, while the second is
evaluated based on the following criteria: (a) correct 180° rotation, (b) correct placement of the flag
on the pole, and (c) accurate distances from the point of rotation. Therefore, the second question has
a score range of 0 to 3.

For the fourth instructional objective (“combine irregular shapes to create tessellations”), the first
question requires students to identify the two irregular figures missing to complete a tessellation. The
second question asks students to observe an incomplete figure missing an irregular piece and to find
the shape from the options provided that, when rotated, completes the initial figure. Both questions
have a maximum score of 1 point each.

Opverall, the test has a maximum raw score of 21 points. The test, translated into English, is included
in the appendix.

RESULTS

To identify statistically significant differences between the two groups on the pre-test scores, the
normality of the distributions for each group was first verified using the Shapiro-Wilk test. If both
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distributions were normal, the independent samples t-test would be used to compare the groups;
otherwise, the non-parametric Mann-Whitney U test would be applied. To compare pre-test and
post-test differences within each group, the normality of the distributions was first checked using the
Shapiro-Wilk test. If normal, the paired samples t-test would be used; otherwise, the Wilcoxon
signed-rank test would be applied.

IMPLEMENTATION OF THE INSTRUCTIONAL INTERVENTION

The observation process, guided by Corsaro’s (1985) notes, allowed for a step-by-step documenta-
tion of the instructional intervention. While it is not feasible to include the content of all notes here,
this summary highlights the key activities undertaken and any modifications made compated to the
original plan outlined in the section dedicated to the instructional intervention.

As initially planned, following the administration of the pre-test, the concept of tessellation was
introduced to the experimental group through hands-on exercises involving the use and study of
wooden geometric tiles. Subsequent sessions delved deeper into isometries and how they could be
employed to create more complex tessellations. The students also engaged in creating tessellations
using transformations like translation and explored working with irregular shapes. Later stages
introduced the dynamic geometry software GeoGebra, which was used to create tessellations in a
digital environment. This allowed students to design irregular shapes suitable for tessellations, which
were then printed using a 3D printer after learning about its operation and potential applications. The
intervention concluded with the manipulation of the irregular shapes designed and printed by the
students.

However, some changes were made during the course of the intervention compared to the original
plan. First, in agreement with the classroom teacher, it was decided to separate the pre-test from the
first session to optimize time. Second, during the third session, in addition to the planned activities,
students were invited to identify tessellations around them within the classroom environment. Third,
in the fifth session, instead of practicing isometries on graph paper as initially intended, the students
were asked to create a single tessellation using only translation, which would serve as a foundation
for future sessions. Lastly, in the seventh session, it was deemed more effective to set up the 3D
printer at the beginning of the lesson and then demonstrate its components. This decision was influ-
enced by the time required to print an object, as it was more practical to start the machine early in the
lesson to have the printed object ready by the end. In summary, these were minor adjustments that
did not alter the content, objectives, or methodological approach of the planned intervention.

ACHIEVEMENT OF INSTRUCTIONAL OBJECTIVES

Before testing the hypothesis through the statistical analyses described in the Data Analysis section,
this paragraph examines the post-test results of the experimental group. Specifically, for each of the
four objectives outlined in the Dependent Variable section, Table 1 reports the average score
achieved by the experimental group, compared with the maximum attainable score, to assess the ex-
tent to which each objective was achieved.
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Table 1. Descriptive statistics

Maximum Average
: B : Number
Instructional objective attainable score
. of students
score achieved

Classify plane geometric figures 9 7.47 17
Locate shapes in various positions 5 429 17
on the plane
Reproduce rotated, translated, and 4 204 17
reflected figures
Combm_e irregular shapes to create 5 194 17
tessellations

As shown in Table 1, the average scores of the experimental group students are very close to the
maximum possible scores. This outcome suggests that, overall, the majority of students achieved the
four instructional objectives. However, to attribute this result to the educational intervention with a
good, though not absolute, degree of validity (Kaya, 2015), it is necessary to test the study hypothesis.
This involves considering the control group’s results, as well as the pre-test scores of both groups,
following the data analysis procedure detailed at the end of the Method section.

HYPOTHESES TESTING

According to the Shapiro-Wilk test, none of the four score distributions (pre-test and post-test for
both the experimental and control groups) significantly deviate from a normal distribution (Table 2).
As a result, parametric tests can be used. To determine if there is a statistically significant difference
between the pre-test scores of the two groups, an independent samples T-test was employed.

Table 2. Shapiro-Wilk test results

Test Group W df Sign.
Pre-test |Experimental Group (N = 17) 0.905 17 0.083
Control Group (N = 18) 0.964 18 0.680
Post-test |Experimental Group (N = 17) 0.914 17 0.119
Control Group (N = 18) 0.945 18 0.356

At the pre-test stage, the experimental group achieved an average score of 13.47 out of a possible 21
points, while the control group scored an average of 13.94 points. The standard deviations were 4.40
points for the experimental group and 3.72 points for the control group (Table 3).

Table 3. Pre/post-test results

Test Group Average (Sij:rrili?;i
Pre-test |Experimental Group 13.47 4.40
Control Group 13.94 3.72
Post-test |Experimental Group 16.65 3.64
Control Group 14.22 3.32

According to the independent samples t-test, the difference between the groups was not significant,
#33) = -3.34, p > .05. Therefore, the experimental and control groups can be considered equivalent
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in terms of the level of geometric knowledge, as measured by the pre-test, before the instructional
intervention.

Next, the difference between the pre-test and post-test scores for each group was examined using the
paired samples t-test. For the control group, the paired samples T-test indicated that the students did
not score significantly higher on the post-test (M = 14.22, SD = 3.32) compared to the pre-test (M =
13.94, §D = 3.72), (17) = -1.16, p = .26. However, for the experimental group, the paired samples T-
test revealed that the students scored significantly higher on the post-test (M = 16.65, §D = 3.64)
compared to the pre-test (M = 13.47, D = 4.40), 16) = -9.19, p < .001. This supports the hypothe-
sis that a tessellation-based instructional intervention, supported by digital technologies, can improve
geometric learning in primary school students.

In addition to assessing the impact of the instructional intervention on geometry learning, we sought
to evaluate the role of technological tools (the 3D printer and GeoGebra software) in promoting stu-
dent engagement. Four open-ended questions were posed to the students in the experimental group
during the final session. Table 4 summarizes student responses.

Table 4. Number of responses per response category
to the open-ended questions in the questionnaire

Open-ended Number of
A Response category
question responses
What do you think |General appreciation for the program 15
about these

Appreciation for learning new things

activities? . . ; .
Appreciation for tessellation or using new technologies

| L[ L

Appreciation for using GeoGebra or the 3D printer

Which patt did you |The activity involving the 3D printer 17
like the most?

The activity with GeoGebra software 4

The opportunity to manipulate or own the tessellation tiles 2

The entire instructional program 1
Which part did you |[No part 9
like the least? The test 5

Specific activities (e.g., drawing the tessellation, the 3

translation part, and a theoretical explanation)

I don’t know 1
Was there any No difficulties 8
activity in which Difficulties with using the computer or programming 5
you had more Specific activities (drawing the tessellation, finding th
difficulty? pecific activities (drawing the tessellation, o the 4

correct shape, completing the tests)

The open-ended responses from students reveal a generally positive reception of the instructional
program. Many students expressed enthusiasm and enjoyment, often highlighting the program’s
engaging and novel aspects, such as learning tessellation techniques and using digital tools like
GeoGebra and 3D printers. These elements sparked interest and encouraged creativity,
demonstrating the appeal of combining hands-on and technological approaches in geometry
education. For example, in response to the question, “What do you think about these activities?” one
student wrote: “I think these activities helped me discover new things like tessellation and the 3D
printer. I also think they were very creative and fun.”
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When asked about their favorite activities, students overwhelmingly gravitated towards the techno-
logical components, particularly the 3D printer, which seemed to capture their imagination and foster
a sense of ownership through the creation of physical tessellation tiles. For instance, one student
wrote: “I liked everything, especially seeing the 3D printer and the objects it produces.” GeoGebra
also stood out as a tool that enhanced the learning experience, emphasizing the value of integrating
dynamic software into classroom activities. Examples of student feedback include: “I really liked
when we used GeoGebra” and “My favorite part was programming the shape on the computer.”

Although the program was well-received overall, a few students noted challenges, particularly with
tasks requiring computer skills or theoretical understanding, suggesting areas where additional sup-
port could be provided. For example, one student shared: “The part that gave me some difficulty was
programming on the computer.” Interestingly, while some disliked traditional elements like testing
(e.g., one student wrote: “I didn’t like answering the test questions”), others found no aspect of the
program unenjoyable, indicating its broad appeal. As one student noted: “I liked everything; there
wasn’t a part I didn’t enjoy.”

These findings suggest that the program successfully engaged students by blending interactive, crea-
tive, and technological methods, though minor adjustments could further optimize its accessibility
and impact.

DISCUSSION, LIMITATIONS, AND CONTRIBUTIONS

DISCcUSSION

This study aimed to address the following research question: “Can tessellation-based educational
activities conducted in a digital environment enhance engagement and improve geometry learning
outcomes among primary school students?” To answer this question, a tessellation-based
instructional program was designed for fourth-grade students (approximately 9 years old). The study
employed a quasi-experimental design with a control group and no intervention, using dependent
samples in a pre-test and post-test format. The experimental group participated in a nine-session
instructional intervention focused on tessellation, which included activities in a digital environment
using GeoGebra software and a 3D printer. The control group (18 students) followed the standard
geometry curriculum.

The results showed that while the control group did not experience significant improvements
between the pre-test and post-test, the experimental group achieved significantly higher post-test
scores compared to the pre-test. This supports the hypothesis that a tessellation-based instructional
intervention implemented in a digital environment can enhance geometric learning among primary
school students. The results showed that while the control group did not experience significant
improvements between the pre-test and post-test, the experimental group achieved significantly
higher post-test scores compared to the pre-test. This supports the hypothesis that a tessellation-
based instructional intervention implemented in a digital environment can enhance geometric
learning among primary school students.

This study extends the body of research predominantly focused on secondary education to a younger
demographic. For example, Ling and Loh (2021) and Morales Ramirez et al. (2021) demonstrated the
efficacy of tessellation activities and tools like GeoGebra in fostering cognitive pattern recognition
and supporting discursive reasoning among older students. While these studies focused on older
students, primarily enhancing pattern recognition and argumentative reasoning, the present study
extends these findings to younger learners, showing how digital tools can similatly foster
foundational geometric skills. Unlike Laksmiwati et al. (2023), who explored the impact of dynamic
geometry software on three students, this study involves a larger sample, providing more robust
evidence of the benefits of digital tessellation.
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In primary education, previous research by Kili¢ et al. (2007) and Uribe Garzén et al. (2014) showed
that tessellation activities enhanced geometric reasoning and spatial skills. However, these studies did
not incorporate digital methods. This study bridges the gap by demonstrating the effectiveness of
digital tools like the 3D printer and GeoGebra in engaging primary students, providing a novel
perspective on integrating digital tessellation activities in primary curricula.

Additionally, a questionnaire administered to the experimental group revealed a high level of
satisfaction, with most students expressing positive opinions and engagement. The activities
involving the 3D printer and GeoGebra software were highlighted as favorites, indicating that using
technological tools significantly contributed to student interest and enjoyment. On the other hand,
non-technological aspects, such as tests and traditional lessons, were noted as the least enjoyable by
some students. These results further reinforce the potential of integrating technology into
educational practices to enhance learning experiences.

The success of the instructional program is likely attributable to several factors. First, the approach
aimed at integrating elements from both classical and contemporary theories on the development of
geometric thinking. In fact, the use of tessellation allowed students to explore geometric concepts
through active manipulation, fostering spatial thinking as described by Piaget and Inhelder (1948). It
also enhanced both perceptual and operational understanding, as suggested by Duval (1995), and
supported the development of mathematical concepts through dialogue and a clear verbal
representation, as proposed by Sfard (2008). Additionally, students engaged in both physical and
mental manipulation of objects, aligning with the SOC model (Wessels & Van Niekerk, 2000). At the
same time, the integration of digital activities facilitated interaction between concepts and images,
consistent with Fischbein’s (1993) theory of figural concepts. Second, the intervention supported the
development of visuospatial skills, which are crucial for learning geometry, as evidenced in studies by
Miragliotta et al. (2017) and Fastame (2021). Third, the instructional program included activities
consistent with recent recommendations for teaching geometry (Jablonski & Ludwig, 2023). For
instance, tessellation examples found in the surrounding environment ensured the real-world
connection recommended by Novita et al. (2018); transformations of figures in the plane were
explored through drawing, as recommended by Cullen et al. (2018); and the study of isometries
activated the imagination of shapes, as recommended by Eilam and Alon (2019). Fourth, the central
role of tessellation aligns with research advocating the validity of such activities for enhancing
geometric thinking (Faiziyah et al., 2021; Laksmiwati et al., 2023; Ling & Loh, 2021; Morales Ramirez
et al., 2021), even at the primary school level (Kili¢ et al., 2007; Uribe Garzon et al., 2014). Finally,
the use of digital instruction enabled the practice and development of digital skills, as recommended
by Dvir and Tabach (2017), and ensured a high level of student engagement and appreciation of the
activities, fostering learning, as affirmed by several studies (Girdzijauskiené et al., 2022; Godzicki et
al., 2013; Gu, 2024; Sunzuma, 2023), particularly due to the use of the 3D printer and GeoGebra
software (Kwon, 2017; McGahern et al., 2015; Nikou, 2024).

LIMITATIONS AND FUTURE RESEARCH

This study has limitations concerning both external and internal validity (Cook et al., 1990). External
validity is constrained by the fact that the instructional intervention was conducted with a small
group of only 17 students selected as a convenience sample (Christensen et al., 2011). This non-
probabilistic approach limits the representativeness of the sample, as its size and selection method do
not reflect the broader population of fourth-grade students. Consequently, the study’s conclusions
are not generalizable to the wider population.

In terms of internal validity, the study is limited by the lack of random assighment of students to the
two groups, which would have ensured maximum comparability and, as a result, eliminated the
impact of pre-existing significant differences between the groups on the dependent variables.
However, as discussed in the research design section, this limitation is mitigated by the fact that these
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differences are expected to be minimal, given that both classes belong to the same school, share the
same socio-economic and cultural context, and show no significant difference in their pre-test scores.

A promising direction for future research would be to replicate this study using an experimental
design with random selection and assignment of participants to the experimental and control groups.
However, such designs are rare in educational research (Cook et al., 1990) because they typically
involve pre-existing school groups that serve as experimental and control groups, making it difficult
to establish probabilistic samples representative of the target population (Bailey, 2008). In these
conditions, random assignment to experimental or control groups is often not feasible.

Nonetheless, a more feasible study may isolate the effect of the use of technologies (3D printer and
GeoGebra software) on the overall geometry learning outcomes selected as the dependent variable.
In this study, the research design allows us to assert, with good internal validity (Kaya, 2015), that the
tessellation-focused instructional program, which also incorporated digital activities, led to improved
geometric learning outcomes among students in the experimental group. However, the design does
not allow us to determine whether this improvement is attributable specifically to the educational use
of the technologies (3D printer and GeoGebra software). To address this, it would be necessary to
replicate the study with a control group experiencing a similar tessellation-focused instructional
program but without the digital component. A factorial design with multiple experimental groups
would be beneficial: one with tessellation activities using technologies, one with tessellation activities
without technologies, one with different activities aimed at the same geometric learning outcomes,
and a control group engaged in other activities aimed at different learning outcomes.

Moreover, longitudinal studies could explore the long-term impact of digital tessellation activities on
students’ geometry understanding and spatial skills. Researchers could investigate the transferability
of skills acquired through these activities to other areas of mathematics. Comparative studies across
different age groups and educational levels could provide insights into the optimal timing for intro-
ducing such interventions. Finally, exploring the potential of augmented or virtual reality in tessella-
tion-based geometry learning could open new avenues for research in educational technology and
mathematics education.

CONTRIBUTIONS

Within the limits outlined in the previous section, this study aims to offer a contribution to both
practical implementation and theoretical advancement in the field of primary school geometry
education and the use of educational technologies. On a practical level, the study demonstrates how
the integration of tessellation-based activities, supported by digital tools, can significantly improve
various aspects of geometric learning among fourth-grade students. First, the classification of plane
geometric figures, according to Duval (1995), serves a heuristic function for solving geometric
problems when it involves perceptual apprehension and at least one of the other three
apprehensions: sequential, discursive, and operative. Second, tessellation activities, also conducted in
digital environments, can enhance learning related to the localization of figures in various positions
on a plane, the rotation, translation, and reflection of figures, as well as the combination of shapes to
create tessellations. In summary, the benefit for students lies in learning to manipulate and interact
with both physical and mental objects and shapes, as suggested by the SOC model of Wessels and
Van Niekerk (2000). Furthermore, the use of tools like GeoGebra software and 3D printers has been
shown to increase student engagement and improve geometric learning outcomes compared to the
control group. This suggests that introducing digital technologies can make geometry instruction
more interactive and engaging while providing hands-on learning experiences with tangible tools like
3D printers, fostering learning through practical activities.

From a theoretical perspective, this study fills a gap in the literature regarding the effectiveness of
tessellation activities in digital environments, previously explored primarily in secondary education
settings (Laksmiwati et al., 2023; Ling & Loh, 2021; Morales Ramirez et al., 2021). In fact, the study
demonstrates that younger students can also benefit from the use of digital technologies in
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tessellation-based activities for geometry learning. It also provides new empirical evidence on the
effectiveness of digital instruction in improving geometric learning outcomes in primary education,
contributing to a growing body of research on this topic (Cavus & Deniz, 2022; Dhakal, 2018;
Sunzuma, 2023; Zhao & Roberts, 2024). Specifically, the proposed approach highlights how
tessellation-based educational activities can combine the use of real-world contexts, drawing, shape
imagination, and technological tools, a set of teaching strategies recommended by recent literature on
geometry instruction (Jablonski & Ludwig, 2023).

CONCLUSIONS

This study examined the impact of a digital tessellation-based instructional program on primary
school students’ engagement and geometric learning outcomes. The intervention incorporated digital
tools such as GeoGebra and 3D printing to enhance the teaching of tessellations and
transformational geometry. A quasi-experimental design was used to compare an experimental group
that participated in the digital intervention with a control group following the standard curriculum.

Findings indicate that the experimental group significantly improved their post-test scores compared
to the pre-test, while the control group did not show significant changes. This supports the
effectiveness of tessellation-based activities in a digital learning environment for enhancing primary
students’ geometric understanding. Additionally, students in the experimental group reported high
engagement, particularly with activities involving the 3D printer and GeoGebra software, reinforcing
the role of technology in increasing motivation.

These results align with existing research on digital geometry education at the secondary level,
extending the benefits of digital tools to younger students. The study contributes to educational
practices by demonstrating how digital tessellation activities can foster both conceptual
understanding and hands-on learning. Teachers are encouraged to integrate digital technologies into
geometry instruction, balancing them with traditional teaching methods.

Future research should further investigate the specific contributions of digital tools to learning
outcomes, possibly through a research design comparing technology-enhanced and non-digital
tessellation activities. Longitudinal studies could also explore the long-term effects of digital
tessellation activities on students’ spatial reasoning and mathematical development. Finally,
expanding the research to diverse educational contexts could provide broader insights into the
applicability of digital tessellation approaches in primary mathematics education.
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APPENDIX — QUESTIONNAIRE

Scippo, Madiai, & Cuomo

Student Code: ................... i,

1.

Observe the following table. Classify each triangle based on its sides and angles,
marking the correct columns with an X. Follow the example.

Isosceles Isosceles
. non- Scalene | Right | Obtuse | Acute
equilateral .
equilateral
X X
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2. Maria and Luca are playing “Guess the shape.”
Follow Maria’s clues to figure out what shape it is.

1t bas four sides.
Not all angles are equal.

o It has no right angles.

15 opposite sides are parallel.

Answer: Maria is describing the figure
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3. Observe the triangles:

Which triangles have the same shape and size?

Triangles A and B
Triangles C, G, and I
Triangles E, and I
Triangles C, D, and G

HiEEn

4. Observe the following flat shape: ABCD is a square, and ABE is an equilateral
triangle.

Which segments have the same length as segment AB?
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5. Observe the gray polygon.

Draw its reflection along axis r.

6. Draw the figure rotated as instructed:

Rotate 180° (Y2 turn) clockwise around the red point.
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7. Observe the following image:

Which of the following shapes are needed to complete the figure?

rre

A B C D

|:| Shape A and Shape D
|:| Shape B and Shape C
[ ] Shape C and Shape A
[ ] Shape C and Shape D
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8. Observe in the following image the piece missing to complete the purple rectangle:

Which of the following shapes, if rotated, completes the rectangle?

A\ W AN

A B C D

|:| Shape A
[ ] Shape B
[ ] Shape C
[ ] Shape D
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